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LAPLACIANS ON SMOOTH DISTRIBUTIONS
YURI A. KORDYUKOV
Abstract. LetM be a compact smooth manifold equipped with a pos-
itive smooth density µ and H be a smooth distribution endowed with a
fiberwise inner product g. We define the Laplacian ∆H associated with
(H,µ, g) and prove that it gives rise to an unbounded self-adjoint oper-
ator in L2(M,µ). Then, assuming that H generates a singular foliation
F , we prove that, for any function ϕ from the Schwartz space S(R),
the operator ϕ(∆H) is a smoothing operator in the scale of longitudinal
Sobolev spaces associated with F . The proofs are based on pseudodif-
ferential calculus on singular foliations developed by Androulidakis and
Skandalis and subelliptic estimates for ∆H .
1. Introduction
The main purpose of the paper is to define and study some natural geo-
metric differential operators associated with an arbitrary smooth distribu-
tion on a compact manifold. Let M be a connected compact smooth mani-
fold of dimension n equipped with a positive smooth density µ. Let H be a
smooth rank p distribution on M (that is, H is a smooth subbundle of the
tangent bundle TM of M) and g be a smooth fiberwise inner product on H.
We define the horizontal differential dHf of a function f ∈ C
∞(M) to be the
restriction of its differential df to H ⊂ TM . Thus, dHf is a section of the
dual bundleH∗ ofH, dHf ∈ C∞(M,H∗), and we get a first order differential
operator dH : C
∞(M) → C∞(M,H∗). The Riemannian metric g and the
positive smooth density µ induce inner products in C∞(M) and C∞(M,H∗),
that allows us to consider the adjoint d∗H : C
∞(M,H∗) → C∞(M) of dH .
Finally, the Laplacian ∆H associated with (H, g, µ) is the second order dif-
ferential operator on C∞(M) given by
∆H = d
∗
HdH .
If Xk, k = 1, . . . , p, is a local orthonormal frame in H defined on an open
subset Ω ⊂M , then one can easily check that the restriction of ∆H to Ω is
given by
∆H |Ω =
p∑
k=1
X∗kXk.
The next theorem allows us to talk about spectral properties of the operator
∆H .
0Supported by the Russian Foundation of Basic Research (grant 16-01-00312).
1
2 YURI A. KORDYUKOV
Theorem 1.1. The Laplacian ∆H considered as an unbounded operator in
the Hilbert space L2(M,µ) with domain C∞(M) is essentially self-adjoint.
One can give a proof of Theorem 1.1, using a well-known result of Chernoff
[6] based on the theory of first order linear symmetric hyperbolic systems.
This proof is given in Section 2. We also present another proof of Theo-
rem 1.1, which is more complicated, but we hope that the techniques used
in this proof will be helpful for the study of more refined spectral properties
of the operator ∆H .
If the distribution H is completely integrable, then, by the Frobenius the-
orem, it gives rise to a smooth foliation F on M . In this case, the operator
∆H is a formally self-adjoint longitudinally elliptic operator with respect to
F . Spectral properties of this operator, in particular, its self-adjointness
have been studied in several papers (see, for instance, [7, 16, 35] and the
references therein). Here an important role is played by the longitudinal
pseudodifferential calculus for foliations developed by Connes in [7]. On
the other hand, if H is completely nonintegrable (or bracket-generating),
then, using Ho¨rmander’s sum of the squares theorem [13], one can show
that the operator ∆H is hypoelliptic, that easily implies its self-adjointness.
The proof of Theorem 1.1 in the general case combines two approaches men-
tioned above. We assume that the distribution H defines a singular foliation
F in the sense of Stefan and Sussmann [31, 32]. Then the operator ∆H can
be considered as a longitudinally hypoelliptic operator with respect to F .
In [3], Androulidakis and Skandalis developed a pseudodifferential calculus
on singular foliations. Following Kohn’s proof of Ho¨rmander’s sum of the
squares theorem, we derive subelliptic estimates and prove longitudinal hy-
poellipticity for the operator ∆H in the scale of longitudinal Sobolev spaces
onM associated with the singular foliation F . Using these results, we easily
complete the proof of Theorem 1.1.
Theorem 1.1 allows us to consider more refined spectral properties of the
Laplacian ∆H . First of all, by spectral theorem, we can consider functions
of ∆H such as the heat operator e
−t∆H , the wave operator eit
√
∆H and
so on. Using the longitudinal hypoellipticity result mentioned above, we
immediately get the following theorem.
Theorem 1.2. Suppose that the distribution H defines a singular foliation
F . For any function ϕ from the Schwartz space S(R), the operator ϕ(∆H)
extends to a bounded operator from Hs(F) to Ht(F) for any s, t ∈ R.
We can also use the spectral properties of the operator ∆H to define
invariants of smooth distributions. For instance, one can consider the class
of distributions H such that the spectrum of the associated Laplacian ∆H
has a gap near zero. It is easy to see that this property of ∆H is independent
of the choice of g and µ. For smooth foliations, it is apparently related with
property (T) for its holonomy groupoid (see, for instance, a discussion in [18,
Remark 10]). To study more refined invariants of distributions, it would be
nice to have some natural way to choose µ and g that would give rise to the
LAPLACIANS ON SMOOTH DISTRIBUTIONS 3
intrinsic Laplacian associated with H. The problem of the Laplacian and of
the intrinsic Laplacian was extensively discussed recently in sub-Riemannian
geometry (see, for instance, [23, 1, 9, 11] and references therein). In the
general case, such an intrinsic choice is not always possible. For instance, in
the case when H is integrable, g and µ look completely independent: g is
responsible for the longitudinal structure and µ for the transverse one.
In [25, 27, 30] (see also the references therein), the authors studied global
hypoellipticity of Ho¨rmander’s sum of the squares operators. In the case
when H has transverse symmetries given by a Riemannian foliation, orthog-
onal to H, the associated Laplacian (sometimes called the horizontal Lapla-
cian) was studied in [4, 5, 17, 19, 20, 28] (see also the references therein). In
particular, its self-adjointness was established in [17]. In [10] (see also [8]),
the authors introduced the characteristic Laplacian associated with an arbi-
trary smooth distribution H and a Riemannian metric on M . This operator
coincides with the operator ∆H in degree 0, if g is the restriction of the Rie-
mannian metric to H and µ is the Riemannian volume form. The problem
of constructing natural geometric operators on differential forms associated
with an arbitrary smooth distribution is a very interesting open problem
(see, for instance, [24, 26, 29] and references therein for some related results
in sub-Riemannian geometry).
The paper is organized as follows. In Section 2, we state theorems on
subelliptic estimates and longitudinal hypoellipticity for the Laplacian ∆H
and show how these results enable us to prove the main results of the pa-
per. In Section 3, we give necessary information about singular foliations
and pseudodifferential calculus on singular foliations. Section 4 contains the
proofs of the theorems on subelliptic estimates and longitudinal hypoellip-
ticity stated in Section 2.
The author is grateful to I. Androulidakis and G. Skandalis for very useful
discussions and remarks and to the anonymous referee for suggestions to
improve the paper.
2. Longitudinal hypoellipticity and proofs of main results
As above, let M be a connected compact smooth manifold of dimension
n equipped with a positive smooth density µ. Let H be a smooth rank p
distribution on M and g be a smooth fiberwise inner product on H. Con-
sider the C∞(M)-module C∞(M,TM) of smooth vector fields on M . It is
a Lie algebra with respect to the Lie bracket. Denote by C∞(M,H) the
submodule of C∞(M,TM), which consists of smooth vector fields, tangent
to H at each point. Let F be the minimal submodule of C∞(M,TM), which
contains C∞(M,H) and is stable under Lie brackets. We assume that F
is locally finitely generated. Then it is a singular foliation in the sense
of Stefan and Sussmann. We will use classes Ψm(F) of longitudinal pseu-
dodifferential operators and the corresponding scale Hs(F) of longitudinal
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Sobolev space associated with F (we refer the reader to Section 3 for nec-
essary information about singular foliations and pseudodifferential calculus
on singular foliations).
First, we state subelliptic estimates for the operator ∆H .
Theorem 2.1. There exists ǫ > 0 such that, for any s ∈ R, we have
‖u‖2s+ǫ ≤ Cs
(
‖∆Hu‖
2
s + ‖u‖
2
s
)
, u ∈ C∞(M),
where Cs > 0 is some constant and ‖ · ‖s denotes the norm in H
s(F).
As a consequence, we get the following longitudinal hypoellipticity result.
Theorem 2.2. If u ∈ H−∞(F) :=
⋃
t∈RH
t(F) such that ∆Hu ∈ H
s(F)
for some s ∈ R, then u ∈ Hs+ε(F).
The proofs of Theorems 2.1 and 2.2 will be given in Section 4. Here we
show how to prove Theorems 1.1 and 1.2 on the base of these theorems.
Proof of Theorem 1.1. By the basic criterion of essential self-adjointness, it
is sufficient to show that ker(∆∗H ± i) = {0}, where ∆
∗
H is the adjoint of
∆H considered as an unbounded linear operator in L
2(M,µ) with domain
C∞(M). Moreover, it is sufficient to show that ker(∆∗H ± i) is contained in
the domain Dom∆H of the closure of ∆H in L
2(M,µ). Let u ∈ ker(∆∗H± i).
So we have u ∈ L2(M,µ) and (∆∗H ± i)u = 0. Since ∆H is symmetric on
C∞(M), we obtain that (∆H ± i)u = 0, where ∆Hu is understood in the
distributional sense. Taking into account that u ∈ L2(M,µ) ⊂ H−∞(F)
and using Theorem 2.2, we obtain that u is in H∞(F) :=
⋂
t∈RH
t(F). This
immediately completes the proof, because it is easy to see that H2(F) is
contained in Dom∆H (see Theorem 3.5 and Proposition 3.2 below). 
Remark 2.1. Observe that the paper [3] deals with Hilbert modules over
the C∗-algebra C∗(M,F) of the singular foliation F . Unlike [3], we work not
with Hilbert modules and C∗-algebras, but with the concrete representation
of the C∗-algebra C∗(M,F) on L2(M). This enables us to use some results of
theory of linear operators in Hilbert spaces (first of all, the basic criterion of
essential self-adjointness). It would be very interesting to prove a C∗-module
version of Theorem 1.1, stating that ∆H gives rise to a regular (unbounded)
self-adjoint multiplier of C∗(M,F). For longitudinally elliptic operators on
F , this was proved in [3], extending a similar result for regular foliation by
Vassout [35] (see also [16]). We also note that the proof of Theorem 2.1 can
be easily extended to the Hilbert C∗-module setting.
Proof of Theorem 1.2. Let ϕ ∈ S(R). Then, by Theorem 4.1, we have
‖ϕ(∆H)u‖
2
ǫ ≤ C
(
‖∆Hϕ(∆H)u‖
2 + ‖ϕ(∆H )u‖
2
)
≤ C1(ϕ)‖u‖
2, u ∈ C∞(M).
Therefore, the operator ϕ(∆H) defines an operator from L
2(M,µ) to Hǫ(F).
Repeating this argument, we obtain that, for any ϕ ∈ S(R), the operator
ϕ(∆H) defines an operator from L
2(M,µ) to Hs(F) and, by duality, from
H−s(F) to L2(M,µ) for any s ≥ 0. It remains to show that, for any ϕ ∈
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S(R), the operator ϕ(∆H) defines an operator from H
−t(F) to Hs(F) for
any s, t ≥ 0.
The operator ∆H +1 is invertible in L
2(M,µ), and, by Theorem 4.1, the
inverse (∆H + 1)
−1 acts from L2(M,µ) to Hǫ(F):
‖(∆H + 1)
−1u‖ǫ ≤ C‖u‖, v ∈ C∞(M).
Using Theorem 2.1 repeatedly, we obtain that, for any natural N , the op-
erator (∆H + 1)
−N acts from L2(M,µ) to HNǫ(F) and, by duality, from
H−Nǫ(F) to L2(M,µ):
‖(∆H + 1)
−Nu‖ ≤ C‖u‖−Nǫ, u ∈ C∞(M).
Finally, for any ϕ ∈ S(R), s > 0 and natural N , we get
‖ϕ(∆H)u‖s = ‖ϕ(∆H)(∆H + 1)
N (∆H + 1)
−Nu‖s
≤ C‖(∆H + 1)
−Nu‖ ≤ C‖u‖−Nǫ, u ∈ C∞(M).
Thus, the operator ϕ(∆H) defines an operator fromH
−Nǫ(F) to Hs(F). 
At the end of this section, we recall the proof of Theorem 1.1 mentioned
in Introduction, which is based on the theory of first order linear symmetric
hyperbolic systems. Here we don’t assume that the distribution H defines
a singular foliation.
Proof of Theorem 1.1. On the Hilbert space H = L2(M,µ)⊕L2(M,H∗, µ),
consider the operator A, with domain D(A) = C∞(M)⊕C∞(M,H∗), given
by the matrix
A =
(
0 d∗H
dH 0
)
.
Observe that the operator A is symmetric. Applying [6, Theorem 2.2] to
the skew-symmetric operator L = iA, we obtain that every power of A is
essentially self-adjoint. Since
A2 =
(
d∗HdH 0
0 dHd
∗
H
)
,
the operator d∗HdH is essentially self-adjoint on C
∞(M). 
3. Preliminaries
In this section, we will give necessary information about singular foliations
and describe basic facts of pseudodifferential calculus on singular foliations,
mostly due to [2, 3], adapted to a concrete representation in the L2 space
on the ambient manifold M .
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3.1. Foliations and bi-submersions. LetM be a smooth manifold. Con-
sider the C∞c (M)-module C∞c (M,TM) of smooth, compactly supported vec-
tor fields on M . As in [2], by a singular foliation F on M , we will mean a
locally finitely generated C∞c (M)-submodule of C∞c (M,TM) stable under
Lie brackets. Here a submodule E of C∞c (M,TM) is said to be locally finitely
generated if, for any p ∈M , there exists an open neighborhood U of p in M
and vector fields X1, . . . ,Xk ∈ C
∞
c (U, TU) such that, for any f ∈ C
∞
c (U)
and X ∈ C∞c (M,TM), we have fX |U =
∑k
j=1 fjXj ∈ C
∞
c (U, TU) with
some f1, . . . , fk ∈ C
∞
c (M).
Let F be a foliation on M and x ∈ M . The tangent space of the leaf
is the image Fx of F in TxM under the evaluation map C
∞
c (M,TM) →
TxM,x 7→ X(x). Put Ix = {f ∈ C
∞(M) : f(x) = 0}. The fiber of F at
x is the quotient Fx = F/IxF . The evaluation map induces a short exact
sequence of vector spaces
0 −→ gx −→ Fx −→ Fx −→ 0,
where gx is a Lie algebra. One can show that, if, for x ∈ M , the images of
X1, . . . ,Xn ∈ F in Fx form a base of Fx, then there exists a neighborhood
U of x in M such that F restricted to U is generated by the restrictions of
X1, . . . ,Xn to U .
For any smooth map p : N →M of a smooth manifold N toM , we denote
by p−1(F) the set of all vector fields on N of the form fY ∈ C∞c (N ;TN),
where f ∈ C∞c (N) and Y is a vector field on N , which is p-related with some
X ∈ F : dpx(Y (x)) = X(p(x)) for any x ∈ N . One can show that p
−1(F) is
a submodule of C∞c (N ;TN).
Definition 1. A bi-submersion of (M,F) is a smooth manifold U endowed
with two smooth maps s, t : U →M which are submersions and satisfy:
(a): s−1(F) = t−1(F);
(b): s−1(F) = C∞c (U ; ker ds) + C∞c (U ; ker dt).
Definition 2. A locally closed submanifold V ⊂ U is said to be an identity
bisection of a bi-submersion (U, t, s) if the restriction s |V : V → M (resp.
t |V : V → M) of s (resp. t) to V is a diffeomorphism to an open subset
s(V ) (resp. t(V )) of M , and, moreover, s |V = t |V .
An important class of bi-submersions is constructed in [2, Proposition
2.10(a)]. Let x ∈ M . Let X1, . . . ,Xn ∈ F be vector fields whose images in
Fx form a basis of Fx. For y = (y1, . . . , yn) ∈ R
n, put ϕy = exp(
∑
yiXi) ∈
expF . Put W0 = R
n ×M , s0(y, x) = x and t0(y, x) = ϕy(x). One can
show that there is a neighborhood W of (0, x) in W0 such that (W, t, s) is
a bi-submersion where s = s0 |W and t = t0 |W . Such a bi-submersion is
called an identity bi-submersion.
A simple way to produce more bi-submersions, starting from the given
one, is described in [2, Lemma 2.3]. If (U, t, s) is a bi-submersion and p :
W → U is a submersion, then (W, t ◦ p, s ◦ p) is a bi-submersion.
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A morphism of bi-submersions (Ui, ti, si), i = 1, 2, is a smooth map f :
U1 → U2 such that, for any u ∈ U1, s1(u) = s2(f(u)) and t1(u) = t2(f(u)).
Any submersion p :W → U is a morphism of bi-submersions (W, t ◦ p, s ◦ p)
and (U, t, s).
As shown in [2, Proposition 2.10(a)], the identity bi-submersion W at
x ∈ M provides a local model for any bi-submersion, admitting a non-
empty identity bisection, containing x. More precisely, let (V, tV , sV ) be a
bi-submersion and W ⊂ V be an identity bisection. Then, for any v ∈ W
with sV (v) = x ∈M , there exist an open neighborhood V
′ of v in V and a
submersion g : V ′ → W which is a morphism of bi-submersions, such that
g(v) = (0, x).
A stronger statement is shown in [3, Lemma 2.5]. Let (Uj , tj , sj), j =
1, 2, be bi-submersions, Vj ⊂ Uj identity bisections and uj ∈ Vj such that
s1(u1) = s2(u2). Then there exist an open neighborhood U
′
1 of u1 in U1
and a morphism of bi-submersions g : U ′1 → U2 such that g(u1) = u2 and
g(V1 ∩ U
′
1) ⊂ U2.
For any bi-submersions (Uj , tj , sj), j = 1, 2, we define their composition
(U1, t1, s1) ◦ (U2, t2, s2) = (U1 ◦ U2, t, s) as follows. The manifold U1 ◦ U2 is
the fiber product
U1 ◦ U2 = U1 ×M U2 = {(u1, u2) ∈ U1 × U2; s1(u1) = t2(u2)},
and s(u1, u2) = s2(u2) and t(u1, u2) = t1(u1). For a bi-submersion (U, t, s),
define its inverse as (U, t, s)−1 = (U, s, t). One can show that U1 ◦ U2 and
U−1 are bi-submersions.
Denote by U0 the set of bi-submersions generated by identity bi-submersions,
that is, the minimal set of bi-submersions that contains all the identity
bi-submersions and is closed under operations of composition and taking
inverse. U0 is called the path holonomy atlas.
Sometimes, it is useful to extend the class of bi-submersions under con-
siderations. We say that a bi-submersion (W, tW , sW ) is adapted to U0 at
w ∈W if there exists an open subsetW ′ ⊂W containing v, a bi-submersion
(U, t, s) ∈ U0 and a morphism of bi-submersion W
′ → U . A bi-submersion
(W, tW , sW ) is adapted to U0 if for all w ∈W , (W, tW , sW ) is adapted to U0
at w.
3.2. Regularizing operators. From now on, we will assume that M is
compact. In this section, we recall the definition of regularizing (or leafwise
smoothing) operators on M . Our constructions will be adapted to a certain
Hilbert structure in L2(M). Actually, we will describe a ∗-representation
in L2(M) of some involutive operator algebra associated with F , which was
introduced in [2]. First, we fix a positive smooth density µ on M . For a
vector space E and p ∈ (0, 1], denote by ΩpE the space of p-densities on E.
Suppose that (U, t, s) is a bi-submersion. Denote by Ω1/2U the half-
density bundle associated with the bundle ker ds⊕ ker dt on U :
Ω1/2U = Ω1/2 ker ds⊗ Ω1/2 ker dt.
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As shown in [3, Section 3.2.1], for any quasi-invariant measure µ onM , there
exists a measurable almost everywhere invertible section ρU of Ω−1/2 ker ds⊗
Ω1/2 ker dt on U such that for every f ∈ Cc(U ; Ω
1/2U) we have∫
M
(∫
s−1(x)
(ρUu )
−1 · f(u)
)
dµ(x) =
∫
M
(∫
t−1(x)
ρUu · f(u)
)
dµ(x).
Here (ρU )−1 · f is a measurable section of Ω1 ker ds on U , which can be
integrated along the fibers of s, giving rise to a function on M , and ρU · f is
a measurable section of Ω1 ker dt) on U , which can be integrated along the
fibers of t.
If µ is given by a smooth positive density on M , ρU can be constructed
in the following way, which also shows its smoothness. First, for u ∈ U , we
observe a short exact sequence
0 −→ ker dsu −→ TuU
dsu−→ TMs(u) −→ 0,
which gives rise to an isomorphism
Ω1/2TuU ∼= Ω
1/2 ker dsu ⊗ Ω
1/2TMs(u).
Similarly, we get an isomorphism
Ω1/2TuU ∼= Ω
1/2 ker dtu ⊗ Ω
1/2TMt(u).
The smooth positive density µ on M defines isomorphisms Ω1/2TMs(u) ∼= C
and Ω1/2TMt(u) ∼= C. Combining these isomorphisms, we obtain a smooth
invertible section ρU of the bundle Ω−1/2 ker ds⊗ Ω1/2 ker dt.
Definition 3. For a bi-submersion (U, tU , sU ), the regularizing operator
RU (k) : L
2(M) → L2(M) associated with the longitudinal kernel k ∈
C∞c (U,Ω1/2U) is defined as follows: for ξ ∈ L2(M),
RU (k)ξ(x) =
∫
t−1(x)
(ρU · k)(u)ξ(s(u)), x ∈M.
First, observe that two longitudinal kernels associated with the different
bi-submersions can define the same operator in L2(M). Let ϕ : M → N
be a submersion, and let E be a vector bundle on N . Integration along the
fibers gives rise to a linear map ϕ! : Cc(M,Ω
1(ker dϕ) ⊗ ϕ∗E) → Cc(N,E)
defined by
ϕ!(f)(x) =
∫
ϕ−1(x)
f, x ∈ N.
As shown in [2], if ϕ : U → V is a morphism of bi-submersions which is a
submersion, then for every k ∈ C∞c (U,Ω1/2U), we have RU (k) = RV (ϕ!(k)).
More generally, let k1 ∈ C
∞
c (U1,Ω
1/2U1) and k2 ∈ C
∞
c (U2,Ω
1/2U2). Assume
that there exists a submersion p : W → U1 ⊔U2, which is a morphism of bi-
submersions, and k ∈ C∞c (W,Ω1/2W ) such that p!(k) = (k1, k2). Moreover,
suppose that there exists a morphism q : W → V of bi-submersions, which
is a submersion, such that q!(k) = 0. Then RU1(k1) = RU2(k2).
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To describe the composition of regularizing operators, we first recall [2, p.
24] that, for any bi-submersions (Uj , tj , sj), j = 1, 2, there exists a canonical
isomorphism
Ω1/2(U1 ◦ U2)(u1,u2)
∼= Ω1/2(U1)u1 ⊗ Ω
1/2(U2)u2 .
Proposition 3.1. [2, p. 32] (1) For any k1 ∈ C
∞
c (U1,Ω
1/2U1) and k2 ∈
C∞c (U2,Ω1/2U2), we have
RU1(k1) ◦RU2(k2) = RU1◦U2(k1 ⊗ k2),
where k1⊗k2 ∈ C
∞
c (U1,Ω
1/2U1)⊗C
∞
c (U2,Ω
1/2U2) ∼= C
∞
c (U1×U2,Ω
1/2(U1 ◦
U2)).
(2) For any k ∈ C∞c (U,Ω1/2U), we have
RU (k)
∗ = RU−1(k
∗),
where k∗ = k¯ via the canonical isomorphism Ω1/2U−1 ∼= Ω1/2U .
3.3. Pseudodifferential operators. In this section, we introduce the classes
of pseudodifferential operators on M associated with the singular foliation
F and describe their properties, following [3]. We will keep notation of the
previous subsection.
Let (U, t, s) be a bi-submersion and V ⊂ U the identity bisection. (Re-
mark that V may be empty.) Let p : N → V be the normal bundle of
the inclusion V →֒ U , that is, Nv = TvU/TvV , v ∈ V . Choose a tubu-
lar neighborhood (U1, φ) of V in U . Thus, U1 is a neighborhood of V
in U and φ : U1 → N is a local diffeomorphism such that φ(v) = (v, 0)
for v ∈ V , and dφ |V : TvU → T(v,0)N induces the identity isomorphism
Nv = TvU/TvV → T(v,0)N ∼= Nv. Let pN∗ : N
∗ → V be the conormal
bundle. Denote N∗U1 = {(u, η) ∈ U1 ×N∗ : p(φ(u)) = pN∗(η)}.
The space Pmc (U, V ; Ω
1/2) of pseudodifferential kernels of orderm consists
of all k ∈ C−∞c (U,Ω1/2U) = C∞(U,Ω1(TU)⊗ Ω−1/2U)′ of the form
〈k, f〉 =
∫
U
k0(u)f(u) + (2π)
−d
∫
N∗U1
e−i〈φ(u),η〉χ(u) · a(p ◦ φ(u), η)f(u),
f ∈ C∞c (U,Ω
1(TU)⊗ Ω−1/2U),
where k0 ∈ C
∞(U,Ω1/2U), d = rankN = dimU−dimM , χ ∈ C∞c (U) is such
that suppχ ⊂ U1 and χ ≡ 1 in a neighborhood of V , a ∈ S
m
cl (V,N
∗; Ω1N∗⊗
Ω1/2U |V ).
Here, for any v ∈ V , the section a(v, ·) is a smooth density on N∗v with
values in the vector space Ω1/2Uv. In a local coordinate system on an open
set V1 ⊂ R
n ∼= V1 ⊂ V and a trivialization of the vector bundle N
∗ over it,
it is written as a(v, η)|dη|, v ∈ V1, η ∈ R
d, where a ∈ Sm(V × Rd; Ω1/2U) is
a classical symbol of order m.
Note that, in [3], the authors assume that the order m is integer, but it
is easy to see that all the results of [3] can be easily extended to the case of
an arbitrary real m.
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Remark 3.1. In [3], elements of Pmc (U, V ; Ω
1/2) are called generalized sec-
tions of the bundle Ω1/2U with compact support and pseudodifferential sin-
gularities along V of order ≤ m. In fact, they are just conormal distributions
on U for the submanifold V ⊂ U (see, for instance, [14]).
With any pseudodifferential kernel k ∈ Pmc (U, V ; Ω
1/2), we associate an
operator RU (k) : C
∞
c (s(U)) → C
∞
c (t(U)) as follows: for f ∈ C
∞
c (s(U)), we
put
RU (k)f(x) = RU (k0)f(x)
+ (2π)−d
∫
N∗Ux1
e−i〈φ(u),ξ〉χ(u)ρUu · [a(p ◦ φ(u), ξ)]f(sU (u)).
Here N∗Ux1 = {(u, η) ∈ N
∗U1 : t(u) = x}.
Remark that, if V is empty, then RU (k) is a regularizing operator. Us-
ing an appropriate cut-off function, the operator RU (k) can be uniquely
extended to an operator R(k) on C∞(M).
Observe that the bundle Ω1N∗ ⊗ Ω1/2U |V is canonically trivial. Indeed,
since V ⊂ U is an identity bisection of the bi-submersion (U, t, s), by def-
inition, the restriction s |V : V → M of s to V is a diffeomorphism to an
open subset s(V ). It follows that d(s |V )v = dsv |TvV : TvV
∼=
→ Ts(v)M . On
the other hand, we have a short exact sequence 0 → ker dsv → TvU →
Ts(v)M → 0, which implies that ker dsv ∼= TvU/Ts(v)M ∼= TvU/TvV = Nv.
Similarly, we get an isomorphism ker dtv ∼= Nv. Therefore, we have
Ω1N∗ ⊗ Ω1/2U |V ∼= Ω1N∗ ⊗ Ω1/2(ker ds) |V ⊗ Ω1/2(ker dt) |V ∼= V × C.
Thus, we can consider the (full) symbol a of the operator RU (k) as an
element of Smcl (V,N
∗). The principal symbol σ˜m(RU (k)) of RU (k) is defined
as the homogeneous component of degree m of a:
(3.1) σ˜m(RU (k))(v, ξ) = am(v, ξ), v ∈ V, ξ ∈ N
∗
v \ {0}.
So σ˜m(RU (k)) is a smooth, degree m homogeneous function on N
∗ \ 0.
Definition 4. The class Ψm(F) consists of operators P in C∞(M) of the
form P =
∑d
i=1 Pi. where each operator Pi, i = 1, . . . , d, has the form
Pi = R(ki) and ki ∈ P
m
c (Ui, Vi,Ω
1/2) for some bi-submersion (Ui, ti, si) and
identity bisection Vi ⊂ Ui.
In order to define the principal symbol of an operator from Ψm(F), we
first introduce the cotangent bundle of F as F∗ =
⊔
x∈M F
∗
x , where, for any
x ∈M , F∗x is the dual space of Fx, the fiber of F at x. Observe that F∗ is
not a vector bundle in the usual sense. One can show that F∗ is a locally
compact topological space.
Let (U, t, s) be a bi-submersion and V ⊂ U the identity bisection. Recall
that N ∼= (ker ds) |V ∼= (ker dt) |V . Therefore, by Definition 1, for v ∈
V , dsv : Nv → Fx, x = s(v), is an epimorphism. So the dual map ds
∗
v
embeds F∗x to N∗v . The longitudinal principal symbol of the operator RU(k)
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associated with k ∈ Pmc (U, V ; Ω
1/2) is the homogeneous function σm(RU (k))
of degree m on F∗ \ 0, which is equal to zero on F∗x \ {0} for x 6∈ s(V ) and
for x ∈ s(V ) is defined on F∗x \ {0} by
(3.2) σm(RU (k))(x, ξ) = σ˜m(RU (k))(v, ds
∗
v(ξ)), ξ ∈ F
∗
x \ {0},
where v = s−1(x) and σ˜m(RU (k)) ∈ C∞(N∗ \ 0) is the (local) principal
symbol of RU (k) defined by (3.1).
Extending by linearity the principal symbol map to Ψm(F), we get the
longitudinal principal symbol map σm : Ψ
m(F)→ C(F∗ \0). One can show
that this map is well-defined.
Theorem 3.1 (cf. Theorem 3.15 in [3]). Given Pi ∈ Ψ
mi(F), i = 1, 2, their
composition P = P1◦P2 is in Ψ
m1+m2(F) and σm1+m2(P ) = σm1(P1)σm2(P2).
Theorem 3.2. Given Pi ∈ Ψ
mi(F), i = 1, 2, the commutator [P1, P2] is in
Ψm1+m2−1(F).
Proof. The proof of this theorem follows the arguments of [3, Theorem 3.15],
using a slight modification of the proof of [3, Proposition 1.10]. 
An operator P ∈ Ψm(F) is said to be longitudinally elliptic, if its longi-
tudinal principal symbol σm(P ) is invertible.
Theorem 3.3 (cf. Theorem 4.2 in [3]). Given a longitudinally elliptic op-
erator P ∈ Ψm(F), there is an operator Q ∈ Ψ−m(F) such that 1 − P ◦ Q
and 1−Q ◦ P are in Ψ−∞(F).
Theorem 3.4 (cf. Theorem 5.3 in [3]). Any operator P ∈ Ψ0(F) defines a
bounded operator in L2(M).
3.4. Examples. 1. Suppose that F is a smooth foliation on a compact
manifoldM . Then one can define a bi-submersion (U, t, s) as follows. U = G
is the holonomy groupoid of F (assume that it is Hausdorff) and t, s : G→
M are the usual target and source maps of G. (We refer the reader to [21, 22]
for basic notions of noncommutative geometry of foliations.) An identity
bisection V of this bi-submersion is given by the unit set G(0) ⊂ G of the
groupoid G. The bundle Ω1/2U is the leafwise half-density bundle associated
with a natural 2p-dimensional foliation G on G, and the space C∞c (U,Ω1/2U)
is a basic element for constructing operator algebras associated with F .
Finally, the space Pmc (U, V ; Ω
1/2) coincides with the space of kernels of G-
pseudodifferential operators introduced in [7].
2. As above, suppose that F is a smooth foliation on a compact man-
ifold M . Let φ : D
∼=
→ Ip × Iq and φ′ : D′
∼=
→ Ip × Iq be two compatible
foliated charts on M (here I = (0, 1)) and W (φ, φ′) ⊂ G
∼=
→ Ip × Ip × Iq
the corresponding coordinate chart on the holonomy groupoid G [7] (see
also [21, 22]). Then we have a bi-submersion (U, t, s), where U = W (φ, φ′)
and t : W (φ, φ′) → D and s : W (φ, φ′) → D′ are the restrictions of the
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target and source maps of the holonomy groupoid G to W (φ, φ′). In local
coordinates, they are given by
t(x, x′, y) = (x, y), s(x, x′, y) = (x′, y), (x, x′, y) ∈ Ip × Ip × Iq.
In the charts φ and φ′, the positive smooth density µ can be written as
µ = µ(x, y)|dx||dy| and µ = µ′(x′, y′)|dx′||dy′|, respectively. There are nat-
ural sections of the bundles Ω1/2 ker ds and Ω1/2 ker dt, which can be writ-
ten as |dx|1/2 and |dx′|1/2, respectively. Then ρU ∈ C∞(U,Ω−1/2 ker ds ⊗
Ω1/2 ker dt) is given by
ρU(x,x′,y) =
(
µ′(x′, y)
µ(x, y)
)1/2
|dx|−1/2|dx′|1/2, (x, x′, y) ∈ Ip × Ip × Iq.
Any k ∈ C∞c (U,Ω1/2U) has the form k = K(x, x′, y)|dx|1/2|dx′|1/2 with
K ∈ C∞c (Ip×Ip×Iq), and the operator RU (k) : C∞(D′)→ C∞(D) is given
by
RU (k)f(x, y) =
∫
K(x, x′, y)
(
µ′(x′, y)
µ(x, y)
)1/2
f(x′, y)dx′.
In the case when φ = φ′, a non-empty identity bisection V ⊂ W (φ, φ) ∼=
Ip × Ip × Iq is given by
V = {(x, x′, y) ∈ Ip × Ip × Iq : x = x′} ∼= Ip × Iq ∼= D.
Then we have N ∼= Ip× Iq ×Rp and a diffeomorphism φ : U1 ⊂ U → N can
be taken in the form
φ : (x, x′, y) ∈ Ip × Ip × Iq 7→ (x, y, x′ − x) ∈ Ip × Iq × Rp.
Finally, a symbol a ∈ Smcl (V,N
∗) is written as a = a(x, y, ξ), (x, y, ξ) ∈
Ip × Iq × (Rp)∗, and the corresponding operator P : C∞c (D′) → C∞c (D) is
given by, for f ∈ C∞c (D′) ∼= C∞c (Ip × Iq),
Pf(x, y)
= (2π)−p
∫
Ip
∫
Rp
ei〈x−x
′,ξ〉χ(x, x′, y)a(x, y, ξ)f(x′, y)
(
µ′(x′, y)
µ(x, y)
)1/2
|dx′||dξ|.
3. Suppose that F is a singular foliation on a compact manifold M .
We show that any vector field X ∈ F considered as a first order differential
operator onM belongs to Ψ1(F), and its principal symbol σ1(X) ∈ C(F
∗\0)
is given by
σ1(X)(ξ) = i〈ξ,X〉, ξ ∈ F
∗.
First, we consider an arbitrary bi-submersion (U, t, s) and a nonempty
identity bisection V ⊂ U and assume that X ∈ F is supported in s(V ).
Since s : U →M is a submersion, there exists a vector field X˜ ∈ C∞(U, TU)
such that dsu(X˜(u)) = X(s(u)). Without loss of generality, we can assume
that X˜ ∈ C∞(U, ker dt). Indeed, X˜ is defined up to C∞(U, ker ds) and,
by definition, X˜ ∈ s−1(F) = C∞(U, ker ds) + C∞(U, ker dt). Then the
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restriction of X˜ to V belongs to C∞(V, (ker dt) |V ) ∼= C∞(V,N), giving rise
to a vector field X˜ ∈ C∞(V,N).
Put
aX(v, ξ) = i〈ξ, X˜(v)〉, v ∈ V, ξ ∈ N
∗
v .
The corresponding pseudodifferential operator P : C∞c (s(U)) → C∞c (t(U))
is given for f ∈ C∞c (s(U)) by
Pf(x) = (2π)−d
∫
Ux
∫
N∗
p◦φ(u)
e−i〈φ(u),ξ〉χ(u)i〈ξ, X˜(p ◦ φ(u))〉×
× f(s(u))ρU · 1, x ∈ t(U).
Here 1 is a smooth section of the bundle Ω1N∗⊗Ω1/2U , corresponding to its
canonical trivialization. Thus, ρU ·1 is a smooth section of Ω1N∗⊗Ω1 ker dt,
which can be integrated over N∗U1.
Since X˜ ∈ C∞(U, ker dt), it is tangent to Ux, and we can use the formula∫
Ux
(X˜F )ω = −
∫
Ux
divω(X˜)Fω,
that holds for any function F ∈ C∞c (U) and for any smooth positive section
ω ∈ C∞(U,Ω1 ker dt). By this formula, we obtain that
Pf(x) = (2π)−d
∫
Ux
∫
N∗
p◦φ(u)
e−i〈φ(u),ξ〉(X˜ + w)[χ(u)f(s(u))]ρU · 1
with some w ∈ C∞(U). Now, using the Fourier transform inversion formula
and observing that φ(u) = 0⇔ u ∈ V ⇔ sU (u) = x, we get
Pf(x) = (X˜ + w)[f(s(u))
∣∣
u=s−1(x) = Xf(x) + w(s
−1(x))f(x).
Thus, we conclude that X = P − (s−1)∗w has a kernel in P1(U, V,Ω1/2).
Using (3.2), we compute its longitudinal principal symbol:
σ1(X)(x, ξ) = aX(v, ds
∗
v(ξ)) = i〈ξ, dsv(X˜(v))〉 = i〈ξ,X(x)〉, ξ ∈ F
∗
x , s(v) = x.
Now take a finite family (Uα, tα, sα), α = 1, . . . , d, of bi-submersions equipped
with identity bisections Vα ⊂ Uα such that M = ∪
d
α=1s(Vα), a partition
of unity φα ∈ C
∞(M), α = 1, . . . , d, subordinate to the covering {s(Vα)},
suppφα ⊂ s(Vα), and a family of smooth functions ψα ∈ C
∞(M), α =
1, . . . , d, such that suppψα ⊂ s(Vα), φαψα = φα. Then we write X =∑d
α=1 φαXψα to see that X belongs to Ψ
1(F).
3.5. Longitudinal Sobolev spaces. First, we observe that, for any s ∈ R,
there exists a longitudinally elliptic operator Λs of order s. To construct such
an operator, first we take, as above, a finite family (Uα, tα, sα), α = 1, . . . , d,
of bi-submersions equipped with identity bisections Vα ⊂ Uα such thatM =
∪dα=1s(Vα), a partition of unity φα ∈ C
∞(M) subordinate to the covering
of M , suppφα ⊂ s(Vα), and ψα ∈ C
∞(M) such that suppψα ⊂ s(Vα),
φαψα = φα. Then, for each α, we consider an operator Pα defined by a
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pseudodifferential kernel kα ∈ P
s
c (Uα, Vα; Ω
1/2) with the symbol a(x, ξ) =
(1 + |ξ|)s. Finally, we put Λs =
∑d
α=1 φαPαψα.
We fix such an operator Λs for any s. Without loss of generality, we can
assume that Λs is formally self-adjoint and
Λs ◦ Λ−s = I +Rs, Λ−s ◦ Λs = I +R′s, Rs, R
′
s ∈ Ψ
−∞(F).
Definition 5. For s ≥ 0, the Sobolev space Hs(F) is defined as the domain
of Λs in L
2(M):
Hs(F) = {u ∈ L2(M) : Λsu ∈ L
2(M)}.
The norm in Hs(F) is defined by the formula
‖u‖2s = ‖Λsu‖
2 + ‖u‖2, u ∈ Hs(F).
For s < 0, Hs(F) is defined as the dual space of H−s(F).
Using Theorems 3.1 and 3.4, we immediately get the following result.
Theorem 3.5. For any s ∈ R, an operator A ∈ Ψm(F) determines a
bounded operator A : Hs(F)→ Hs−m(F).
Proposition 3.2. For s ∈ Z, the space C∞(M) is dense in Hs(F).
Proof. The proof can be easily given, using the standard Friedrichs’ mollifiers
on M (see, for instance, [33, Chapter II, §7]). 
Theorem 3.6. Any formally self-adjoint longitudinally elliptic operator P ∈
Ψm(F), m > 0, defines an unbounded self-adjoint operator in the Hilbert
space L2(M,µ) with the domain Hm(F).
Let us note that the results of this subsection can be obtained as con-
sequences of the general results of [3, Section 6] applied to the natural
representation of the C∗-algebra C∗(M,F) of the singular foliation F on
L2(M,µ). In particular, the Sobolev space Hk(F) is obtained as the image
of L2(M,µ) by the action of the Sobolev module Hk ⊂ C∗(M,F) under this
representation.
4. Proofs of Theorems 2.1 and 2.2
The proof of Theorem 2.1 will closely follow Kohn’s proof of the subel-
lipticity of the Ho¨rmander’s operators [15] (see also [34, 12]). We will keep
notation of Section 2. The starting point is the following fact.
Lemma 4.1. For any X ∈ C∞(M,H), there exists C > 0 such that
(4.1) ‖Xu‖2 ≤ C
(
(∆Hu, u) + ‖u‖
2
)
, u ∈ C∞(M).
Proof. Let Ω be an open subset of M such that there exists a local or-
thonormal frame X1, . . . ,Xp ∈ C
∞(Ω¯,H |Ω¯ ). Then, for any u ∈ C
∞
c (Ω), we
have
(∆Hu, u) = ‖dHu‖
2
g =
p∑
j=1
∫
Ω
|Xju(x)|
2 dµ(x).
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We can write X(x) =
∑p
j=1 aj(x)Xj(x), x ∈ Ω¯ with some aj ∈ C
∞(Ω¯), j =
1, . . . , p. Therefore, for any u ∈ C∞c (Ω), we get
‖Xu‖2 =
∫
Ω
|Xu(x)|2 dµ(x) ≤ C
p∑
j=1
∫
Ω
|Xju(x)|
2 dµ(x) = C(∆Hu, u).
To prove the estimate (4.1) in the general case, we take a finite open cov-
eringM = ∪dα=1Ωα of M such that, for any α = 1, . . . , d, there exists a local
orthonormal frame X
(α)
1 , . . . ,X
(α)
p ∈ C∞(Ωα,H |Ωα ) and a partition of unity
subordinate to this covering, and use the fact that, for any ϕ ∈ C∞(M),
the commutators [X,ϕ] and [dH , ϕ] are zero order differential operators and,
therefore, bounded in L2. 
We start the proof of Theorem 2.1 with the case s = 0.
Proposition 4.1. There exist ǫ > 0 and C > 0 such that
‖u‖2ǫ ≤ C
(
‖∆Hu‖
2 + ‖u‖2
)
, u ∈ C∞(M).
Proof. Let P be the set of all operators P ∈ Ψ0(F) such that there exist
constants ǫ > 0 and C > 0 such that
(4.2) ‖Pu‖2ǫ ≤ C
(
‖∆Hu‖
2 + ‖u‖2
)
, u ∈ C∞(M).
We claim that P satisfies the following properties:
(P0):
⋃
m<0Ψ
m(F) is in P;
(P1): P is a two-sided ideal in Ψ0(F);
(P2): P is stable by taking the adjoints;
(P3): XΛ−1 ∈ P for X ∈ C∞(M,H);
(P4): If P ∈ P then [X,P ] ∈ P for X ∈ C∞(M,H).
Proof of (P2). First, observe that
‖ΛǫP
∗u‖2 = 〈PΛ2ǫP
∗u, u〉 = ‖ΛǫPu‖2 + 〈(PΛ2ǫP
∗ − P ∗Λ2ǫP )u, u〉.
It remains to note that PΛ2ǫP
∗ − P ∗Λ2ǫP ∈ Ψ0(F) if ǫ <
1
2 . 
Proof of (P1). First, observe that, by Theorem 3.5, P is a left ideal. Then,
by (P2), it is a right ideal as well. 
Proof of (P3). Using (4.1), we have
‖Λ−1Xu‖21 ≤ C‖Xu‖
2 ≤ C1(‖∆Hu‖
2 + ‖u‖2),
which means that Λ−1X ∈ P. Therefore, it follows from (P2) that (Λ−1X)∗ =
X∗Λ−1 ∈ P.
Since X∗ = −X + c with some c ∈ C∞(M), using (P0) and (P1), we get
X∗Λ−1 = −XΛ−1 + cΛ−1 ∈ P. 
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Proof of (P4). Take P ∈ Ψ0(F) such that P and P ∗ satisfy (4.2) with some
ǫ > 0. For δ > 0, one can write
(4.3) ‖[X,P ]u‖2δ = ([X,P ]u,Λ
2
δ [X,P ]u) + ‖[X,P ]u‖
2
= (XPu, T2δu)− (PXu, T2δu) + ‖[X,P ]u‖
2,
where T2δ = Λ
2
δ [X,P ] ∈ Ψ
2δ(F). For the second term in the right hand side
of (4.3), we have
|(PXu, T2δu)| = |(Xu,P
∗T2δu)| ≤
1
2
(‖Xu‖2 + ‖P ∗T2δu‖2)
≤
1
2
‖Xu‖2 + ‖T2δP
∗u‖2 + ‖[P ∗, T2δ ]u‖2.
Assuming δ < min(12 ,
ǫ
2), we obtain that
‖T2δP
∗u‖2 ≤ C‖P ∗u‖22δ ≤ C‖P
∗u‖2ǫ ≤ C1
(
‖∆Hu‖
2 + ‖u‖2
)
and
‖[P ∗, T2δ ]u‖2 ≤ C‖u‖2,
which proves the estimate
(4.4) |(PXu, T2δu)| ≤ C1
(
‖∆Hu‖
2 + ‖u‖2
)
.
Similarly, for the first term in the right hand side of (4.3), we have
|(XPu, T2δu)| = |(Pu,X
∗T2δu)| ≤ |(Pu,XT2δu)|+ |(Pu, cT2δu)|
≤ |(Pu, T2δXu)| + |(Pu, [X,T2δ ]u)|+ |(Pu, cT2δu)|.
Now we proceed as follows, using δ < ǫ2 and (4.1):
|(Pu, T2δXu)| = |(T
∗
2δPu,Xu)| ≤ C‖Pu‖2δ‖Xu‖ ≤ C1
(
‖∆Hu‖
2 + ‖u‖2
)
,
|(Pu, cT2δu)| = |(T
∗
2δc
∗Pu, u)| ≤ C‖Pu‖2δ‖u‖ ≤ C1
(
‖∆Hu‖
2 + ‖u‖2
)
,
and, finally,
|(Pu, [X,T2δ ]u)| = |([X,T2δ ]
∗Pu, u)| ≤ C‖Pu‖2δ‖u‖ ≤ C1
(
‖∆Hu‖
2 + ‖u‖2
)
.
We obtain that
(4.5) |(XPu, T2δu)| ≤ C2
(
‖∆Hu‖
2 + ‖u‖2
)
.
Plugging (4.4) and (4.5) into (4.3), we complete the proof of (P4). 
Now we complete the proof of Proposition 4.1. First, we claim that, for
any X1, . . . ,Xp ∈ C
∞(M,H), the operator [X1, [X2, . . . , [Xp−1,Xp] . . .]]Λ−1
belongs to P. We proceed by induction. Let us write
[X1, [X2, . . . , [Xp−1,Xp] . . .]] = [X1, Y ], Y = [X2, . . . , [Xp−1,Xp] . . .],
and assume that, by the induction hypothesis, Y Λ−1 ∈ P. Then, by (P4),
we know that [X1, Y Λ−1] ∈ P. On the other hand, we can write
[X1, Y Λ−1] = [X1, Y ]Λ−1 + Y [X1,Λ−1].
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Since Λ−1Λ1 = I +R1 with R1 ∈ Ψ−∞(F), we get
Y [X1,Λ−1] = Y Λ−1Λ1[X1,Λ−1]− Y R1[X1,Λ−1],
that, by (P0) and (P1), immediately implies that Y [X1,Λ−1] ∈ P, since
Y Λ−1 ∈ P, Λ1[X1,Λ−1] ∈ Ψ0(F) and Y R1[X1,Λ−1] ∈ Ψ−∞(F). Thus we
conclude that [X1, Y ]Λ−1 belongs to P, that completes the proof.
By assumption, the C∞(M)-module F is generated by a finite set of vector
fields Y1, . . . , YN onM . Consider the operator ∆ =
∑N
k=1 Y
∗
k Yk, a Laplacian
associated with F . It is a formally self-adjoint, longitudinally elliptic, second
order differential operator. Let Q ∈ Ψ−2(F) be its parametrix, i.e. Q∆ =
I −K1, ∆Q = I −K2, Ki ∈ Ψ
−∞(F). Then we have
I =
N∑
j=1
QY ∗j Yj +K1.
Since QY ∗j ∈ Ψ
−1(F), it follows from (P3) that QY ∗j Yj ∈ P. By (P0),
K1 ∈ P. So we obtain that I ∈ P, that completes the proof. 
Now we extend the subelliptic estimates of Proposition 4.1 to an arbitrary
s, completing the proof of Theorem 2.1.
Proof of Theorem 2.1. By Proposition 4.1, we have
‖u‖2s+ǫ ≤ c(‖Λsu‖
2
ǫ + ‖u‖
2
s) ≤ C
(
‖∆HΛsu‖
2 + ‖u‖2s
)
.
It remains to show that
(4.6) ‖∆HΛsu‖
2 ≤ C ′s
(
‖∆Hu‖
2
s + ‖u‖
2
s
)
Lemma 4.2. The operator [∆H ,Λs] can be represented in the form
[∆H ,Λs] =
N∑
k=1
T skXk + T
s
0 ,
where Xk ∈ C
∞(M,H), k = 1, . . . , N, and T sk ∈ Ψ
s(F), k = 0, . . . , N .
Proof. Let M =
⋃d
α=1 Ωα be a finite open covering of M such that, for
any α = 1, . . . , d, there exists a local orthonormal frame X
(α)
1 , . . . ,X
(α)
p ∈
C∞(Ωα,H |Ωα ). As mentioned above, the restriction of ∆H to Ωα is written
as
∆H |Ωα =
p∑
j=1
(X
(α)
j )
∗X(α)j .
Let φα ∈ C
∞(M) be a partition of unity subordinate to the covering,
suppφα ⊂ Uα, and ψα ∈ C
∞(M) such that suppψα ⊂ Uα, φαψα = φα.
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Then we have
∆H =
d∑
α=1
φα(∆H |Ωα )ψα =
d∑
α=1
p∑
j=1
φα(X
(α)
j )
∗X(α)j ψα
=
d∑
α=1
p∑
j=1
φα(X
(α)
j )
∗ψαX
(α)
j +
d∑
α=1
p∑
j=1
φα(X
(α)
j )
∗[X(α)j , ψα].
We can write
φα(X
(α)
j )
∗ψαX
(α)
j Λs =φα(X
(α)
j )
∗ΛsψαX
(α)
j + φα(X
(α)
j )
∗[ψαX
(α)
j ,Λs]
=Λsφα(X
(α)
j )
∗ψαX
(α)
j + [φα(X
(α)
j )
∗,Λs]ψαX
(α)
j
+ [ψαX
(α)
j ,Λs]φα(X
(α)
j )
∗ + [φα(X
(α)
j )
∗, [ψαX
(α)
j ,Λs]].
Since (X
(α)
j )
∗ = −X(α)j + c
(α)
j with some c
(α)
j ∈ C
∞(M), we get
∆HΛs = Λs∆H +
d∑
α=1
p∑
j=1
T
s,(α)
1,j ψαX
(α)
j +
d∑
α=1
p∑
j=1
T
s,(α)
2,j φαX
(α)
j + T
s
0 ,
where the operators
T
s,(α)
1,j =[φα(X
(α)
j )
∗,Λs], T
s,(α)
2,j = −[ψαX
(α)
j ,Λs],
T s0 =
d∑
α=1
p∑
j=1
(
[ψαX
(α)
j ,Λs]φαc
(α)
j + [φα(X
(α)
j )
∗, [ψαX
(α)
j ,Λs]]
+ [φα(X
(α)
j )
∗[X(α)j , ψα],Λs]
)
belong to Ψs(F). Setting {Xk, k = 1, . . . , N} = {ψαX
(α)
j , φαX
(α)
j , α =
1, . . . , d, j = 1, . . . , p} with N = 2dp, we complete the proof. 
By Lemma 4.2, it follows that there exists C > 0 such that
(4.7) ‖∆HΛsu‖
2 ≤ C(‖∆Hu‖
2
s +
N∑
k=1
‖Xku‖
2
s + ‖u‖
2
s), u ∈ C
∞(M).
For any k, we have
(4.8)
‖Xku‖
2
s = ‖ΛsXku‖
2 + ‖Xku‖
2 ≤ ‖XkΛsu‖
2 + ‖[Λs,Xk]u‖
2 + ‖Xku‖
2
≤ ‖XkΛsu‖
2 + (∆Hu, u) + C‖u‖
2
s.
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Next, by (4.1), it follows that
(4.9)
‖XkΛsu‖
2 ≤C((∆HΛsu,Λsu) + ‖u‖
2
s)
=C((∆Hu, u)s + ([∆H ,Λs]u,Λsu) + ‖u‖
2
s)
=C((∆Hu, u)s + ((
N∑
k=1
T skXk + T
s
0 )u,Λsu) + ‖u‖
2
s)
≤C1(‖∆Hu‖
2
s +
N∑
k=1
‖Xku‖s‖u‖s + ‖u‖
2
s)
≤ǫ
N∑
k=1
‖Xku‖
2
s + C2(ǫ)(‖∆Hu‖
2
s + ‖u‖
2
s)
for any ǫ > 0 with some C2(ǫ) > 0. From (4.8) and (4.9), we immediately
get
(4.10)
N∑
k=1
‖Xku‖
2
s ≤ C(‖∆Hu‖
2
s + ‖u‖
2
s).
Plugging (4.10) into (4.7), we get (4.6). 
Proof of Theorem 2.2. Following the standard construction of Friedrichs’
mollifiers (see, for instance, [33, Chapter II, §7] or [34, Chapter II, §4]), one
can construct a bounded family Jε, 0 < ε ≤ 1, of operators from Ψ
−∞(F)
such that Jεu → u in L
2(M) as ε → 0 for any u ∈ L2(M) and, for any
A ∈ Ψm(F), the commutators [A, Jε] ∈ Ψ
−∞(F), 0 < ε ≤ 1, form a bounded
family of operators in Ψm−1(F). More precisely, we first construct such a
family locally. Let (U, t, s) be a bi-submersion and V ⊂ U the identity bi-
section. In notation of Section 3.3, take a function ρ ∈ C∞(N∗) supported
in a tubular neighborhood φ(U1) in N
∗ such that ρ |V ≡ 1. One can check
that the operator family Jε, 0 < ε ≤ 1, where the operator Jε = RU (kε) is
defined by the pseudodifferential kernel kε ∈ P
−∞
c (U, V ; Ω
1/2) with kε,0 = 0
and aε(v, η) = ρ(v, εη), v ∈ V, η ∈ Nv, satisfies the desired conditions. The
globally defined operator family Jε ∈ Ψ
−∞(F), 0 < ε ≤ 1 is obtained from
such families constructed locally by the usual gluing procedure (see, for
instance, Example 3 of Section 3.4).
As an easy consequence, one get that, for any s ∈ R, Jεu → u in H
s(F)
as ε → 0 for any u ∈ Hs(F) and, for any A ∈ Ψm(F) and B ∈ Ψm
′
(F),
the operators [B, [A, Jε]] ∈ Ψ
−∞(F), 0 < ε ≤ 1, form a bounded family of
operators in Ψm+m
′−2(F). Then one can easily complete the proof of the
theorem, proceeding, for instance, as in the proof of [34, Chapter II, Lemma
5.3]. 
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